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INTRODUCTION 
The purpose of this paper is to present a general Liapunov theory of 
stability which would be applicable to continuum thermodynamics. Such a 
theory has already been proposed a few years ago by Gurtin [6] for an 
autonomous case and later extended to a specific non-autonomous case by 
the author [3]. Here, we give a unified presentation of general theory of 
processes that includes a modified version of Gurtin’s theory of dynamical 
systems as well as the non-autonomous extension. While a theory presen- 
ted in this paper is general enough to be used in different applications, it is 
the existence of the equilibrium projection and the specific construction of 
a Liapunov function which makes it sufficiently useful for continuum ther- 
modynamics. 
Consider a continuous material body B. A state for B is a point 0 in a 
topological space C which is called the state space; for example, the state of 
an elastic body is described by a configuration, a velocity field and a tem- 
perature field. We investigate the behaviour of a thermomechanical system 
B-the environment of B. The environment of a body B is described by a 
function 0,: R + R+ +, called the environmental temperature, and some 
state functions (see [6]). A state function is any real-valued function 
defined on the state space C. We assume that e,(s) stabilizes as s + +oo, 
that is, tends to a number 8,. 
If e,(s) is a constant function (a constant environmental temperature) 
the behaviour of a thermodynamical system will be described by a collec- 
tion of autonomous processes called a dynamical system, otherwise by non- 
autonomous processes. 
As has been pointed out the paper contains a modified version of Gur- 
tin’s theory of dynamical systems. We show some new sufficient conditions 
for Liapunov stability of a thermomechanical system. Our main goal, 
however, is the asympotic stability of such a system. We show that the 
Liapunov topology of the state space enables one to find some answer to 
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the problem. In the part of the work devoted to a non-autonomous case 
and asympotically dynamical systems, which are supposed to describe it, 
the problem of asymptotic stability is again discussed. We show how one 
can obtain a criterion for Liapunov stability of our thermomechanical 
system using only a limiting Liapunov functional (a Liapunov function) 
instead of a Liapunov functional, even if both exist. 
1. DYNAMICAL SYSTEM 
Consider an autonomous process rc: [0, o) -+ C, where [0, w) c R and 
the number w is called the duration time of 71. By a process starting at the 
state 0 EC we name a mapping n(cr, v): [0, w) + C such that for any 
t E [0, o) x(u, t) = x(t) and rc(0) = 0. 
A dynamical system on the state space C is a class of processes ~(0, .) 
where: 
(Di) If for a given g E Z there exists a process rc(g, .): [0, o) -+ C 
then for any t E [0, w) there exists a process rc(rr((r, t), .): [0, u) + C such 
that for any r E [0, u), u < w 
7c(n(u, t), 7) = 7c(u, t + T). 
rr(rr(cr, t), .) is called a continuation of rc(rr, .). 
(D2) There exists a subspace C, c C called the equilibrium state space 
and a continuous projection P: Z -+ C, such that if o0 E C, and there exists 
t #O that rc((~~, t) E Z, then n(a,, .) is a rest process or a cyclic process 
which, however, is not entirely contained in Z,. 
(D3) For any GEE and any process rt(~, .) there exists an 
equilibrium state crOe Z, and a process rr((rO, -) such that n(o, .) is a con- 
tinuation of n(a,, .), that is, ~(a,, t + .) = rc(rc(cr,,, t) .) for some t E R+. 
(D4) For any e E C ~(a, [0, w)) is precompact in C, i.e., there exists 
a compact set in Z which contains rc(~, [0, 0)) or for any sequence { tP} c 
[0, w) there exists a subsequence { tn} c { tP} such that a sequence 
(~(0, t,)} has a limit in Z. 
Although such self-compactification of a dynamical system seems to be 
quite a strong assumption, however essential for the use of invariance prin- 
ciples, it is the boundedness which is important. In order to obtain the 
needed compactness of processes it might be necessary to represent a 
dynamical system in two topological spaces (usually Banach spaces) with 
the compact imbedding of one into the other one. The boundedness of 
processes in one space imply that the process is precompact in the other 
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space [7]. We assume that C is a Hausdorff space, in an ordinary sense or 
as a Frechet space (Ball [l] calls it a Hausdorff limit space). 
The o-limit set of ~(0, .): [0, o) + C is a set of all positive limit points of 
n(o, *), i.e., 
Q(rt(a, .)) = {a EC: there exists (tn} -+ w 
such that ~(0, t,) + ,? in 22) 
where [0, o) is a maximal positive domain of definition of ~(0, .). 
We say that (0, o) is maximal if o = 00 or Q(~(cT, .)) is empty. The con- 
dition (D4) guarantees that the o-limit set is non-empty. 
We require from the collection of all processes K to obey certain con- 
tinuity properties. 
(C,) Given Z(o) = [0, o) such that [0, o) is maximal for a process 
starting at c, if t EZ(~) then $g,,, t) + n(a, t) in C, for any on --) c in z. 
(C,) t, -+ t E Z(a) implies ~(0, t,) + ~(g, t) when n + +oo. 
A set A c C is invariant under the dynamical system n if x(A, t) = A for 
every t E R+. If rc(A, t) c A then A is called positively invariant. 
Now it is possible to show the following. 
PROPOSITION 1. (See, for Example, [ 11). For every process ~(0, .): 
[0, w) + Z the w-limit set Q(x(o, .)) is invariant as well as compact and con- 
nected. 
COROLLARY 1. Let &, E C, belong to 0(x(0, .)) for some o E C then 
x(1,, .) is a rest process or a cyclic process. 
Proof. Immediately from Proposition 1 and the conditions 
(J-M-(Dd I 
For a given equilibrium state o0 we define an equilibrium layer generated 
by this state C(o,) = (cr E C; P(o) = o,} = P-‘(oO). A Liapunov function for 
the dynamical system rc is a state function V: C + R such that: 
W,) v(40, .)I: CO, w) + R is lower semicontinuous on any 
lx, PI = co, 0). 
(L2) For any process n(c, .) p((o, n) =lim inf,,,+(( Vrc(o, t) - 
V(a))/t) < 0 almost everywhere on Z(o). 
CL) For any 00 E Co v Iz~oo~ has at go a non-degenerated minimum. 
To assure that V(a, K) is well defined the uniqueness of z should in fact 
be assumed. 
In condition (L3) it is to be understood that there exists a subspace C* 
isomorphic to any of C(o,) and an invertible continuous map 
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f: C -+ C* x C, where for any g E C f(o) = (o*, P(a)). Moreover for any 
state G,, E C, and cr E C(o,) 
VI ,qocJ(~) = vIZ(aO)((-JO) + ~2VIz(ao)(mJ*~ a*1 
where b is from a convex neighborhood containing both G and (TV while 
D2VI &&): c* x c* + R is a positive definite operator such that 
D2VI zc,,,(8)[a*, o*] = 0 if and only if (T = crO. 
In case C is a linear topological space and so are Z,,, C*, 
&=ta+(l-t)o,, t E [0, l] and (T = (T* + co. That is in fact often the case 
in continuum mechanics where, for example, in elasticity 0 = (x, u, 0), x = a 
deformation, u = a velocity, 19 = a temperature and P(c) = (x, 0, 0,). For a 
given G,, = (x, 0, 0,) Z(a,) can be identified with a collection { (0, u, 0 - 0,)) 
so any 0 EC can be represented by P(o) and g* as follows: 
(4 U, 0) = (x, 0, e,) + (0, U, e - e,). 
If we postulate the Liapunov function V in a form V(o) = E(a) - B,S(o) 
where E is the kinetic + internal energy of B at G’, S in the entropy of B at 
c and 8, is the environmental temperature then Ericksen’s Lemma [4] 
shows that because of the entropy inequality (Clausius-Duhem inequality) 
and the requirement that the specific heat must be strictly positive 
D2VI .,,,,(a) is a positive definite operator. Condition (L,) could be 
replaced by the requirement hat a state function V is a Liapunov function 
provided V(n(a, .)) is non-increasing on any interval [0, /I] c [0, w). 
However, once (L, ) and ( L2) are in place one can conclude, which is a 
standard result in theory of integration, that if V is a Liapunov function of 
the system 71 V(lr(a, .)) is non-increasing on any [0, p], /I < o, and in fact 
V(n(a, t)) - V(o) < j; I+c(u., z)) dz 
for t E [0, /I]. 
Consider now a state function T: Z + R given for any (T EC by T(a) = 
V(a) - V(P(o)). It is easy to notice that T measures a deviation of a state 0 
from its P(a) and that T(o) = D2V(/(8) [a*, a*] 20. 
PROPOSITION 2. (a) For each co EL’, T(o,) = 0. 
(b) Given a process n(oO, .): [0, o) + Z, T(n(o,,, t) = f 0 implies that 
n(uo, . ) is a rest process. 
Proof (a) It is obvious from the definition of the function T. 
(b) If for any t E [0, w) T(n(a, t)) = 0 then V(z(o, t)) = V(P(z(a, t))). 
On the other hand G,!, # 0: implies that ,Z’(ah) Z(a$ = a. Because of this 
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and (L3), V(rc(a, t)) = V(P(rr(a, t))) implies that n(c, t) = P(z(c, t)) for any 
t E [0, w). Therefore 0 EC, and ~(a, . ): [0, o) + EC, and we can conclude 
from (D2) that rr(~, a) is a rest process. 1 
The potential energy is a function U: Z + R where 
U(a) = V(fJ)) for any aEZ. 
Therefore for any equilibrium state (rO, U(cr,) = I’(a,). The Liapunov 
function V can now be represented by a sum 
V(a) = U(P(a)) + T(0) 2 U(P(0)). 
PROPOSITION 3 [6, Proposition 6.11. Given a process ~(a,, .): 
[0, o) + C starting at the equilibrium state a,-, the following conditions are 
equivalent: 
(a) ~(a,, .) is a rest process. 
(b) 400, CO, 0)) = Co. 
(c) For any tE [0, co) P(rz(o,, t))=oo. 
(d) For any t E [0, o) U(rc(o,,, t)) = U(o,-,). 
Immediately from the above and Proposition 2 we get the following. 
PROPOSITION 4. If the potential energy U has on C,, a local minimum at 
the state oO, then there exists at most one process K starting at oO. Moreover 
if such a process n(oO, *) exists it is a rest process. 
Once U has a local minimum on Co it also has the same property as a 
state function on C as the projection P: C + Z, is continuous. 
1.1. Necessary Conditions for Stability 
First of all let us notice that because P: C + C, is continuous and V 
lower semicontinuous on C the potential energy function U is also lower 
semicontinuous. Now we can repeat [6] two conditions which are 
necessary for the stability of our dynamical system 7~. 
PROPOSITION 5. Let crO, 1, EC, and o,, E SZEqu (A,) = {pO E C,: there 
exists a sequence t, + o such that P(rc(A,,, 2,)) +pO in C,}. Let us also 
assume that Z, is a Hausdorff space. Then 
U(a,) G WM. 
It is worth mentioning that even if z(g,,, -) has finite maximal duration 
time it is possible for P(z(a,, .)) to have an accumulation point. 
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PROPOSITION 6. Assume that there exists a neighborhood U(o,) c C, 
such that 1, E U(a,) implies o0 E a,,,(&,). Then U( o(oo, has a minimum at 
00. 
1.2. SufJicien t Conditions for Stability 
In this section we modify sufficient conditions obtained by Gurtin [6] 
for certain types of Liapunov stability. We also show a new condition for 
the asymptotic stability. 
For a given 0 EC, E > 0 and Liapunov function V let 
T,(o) = {A. E z: 1 v-(l) - v-(a)/ < E}. 
LEMMA 1 (Compare [6, Theorem 8.11). Let the potential energy U 
have a global minimum in oo~ C,. Then for any E > 0 a set r,(a,) is 
positively invariant with respect o the dynamical system n. 
Proof: AET,(D~) implies 1 V(A)- V(a,)l <E. Given a process rr(A, .): 
co,~)+c 
I Vn(A 1)) - J’(oo)l = I U(P(W, 1))) + T(44 1)) - U(ao)l 
= W(4k 1))) - u(ao) + T(44 1)) 
= V(n(A, 1)) - V(a,) < V(A) - V(oo) 
6 I v(n) - V(o,)l <E for any t E [0, 0). 1 
LEMMA 2. Let the energy function U have a strict local minimum in 
o. E Z,. Then there exists a number E > 0 such that 
Z(cro,&)= {ilEC:O<U(~)-u(qJ<&} 
is open in C and positively invariant with respect to all processes tarting 
from W(ao,~)). 
Proof U has a strict local minimum in (r. E Co therefore there exists a 
neighborhood U(a,) such that for any lo E U(a,) U(J,) > U(a,). U is lower 
semicontinuous o it is obvious that there exists E > 0 that Z(o,, E) is open. 
P(C(a,, a)) is also open and contained in .??(a,, E) and if Aog P(C(a,, E)) 
and n(Ao, . ) is a process starting from lo then 
u(4no,t)) - U(ao) G VGO, 1)) - U(flo) d VA,) - Woo) 
= VA,) + Wo) - u(ao) 
= U(A,) - U(0,) < E for any t E [0, 0). 
From (C,) and continuity of U it follows that for any t 
uwo, 1)) - U(ao) > 0. I 
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COROLLARY 2 (Compare [6, Corollary 8.31). Assume that the potential 
energy U has a local strict minimum in o0 E C,. Then 
(a) From some Ed, e2 > 0 the set T,,(a,)nC(o,, EJ is positively 
invariant with respect to all processes starting from P(Z,,(o,) n Z(a,, E*)). 
(b) Let A be an open set in Z, on which U takes its minimum. There 
exists E,,> 0 such that for any 1 E f,(a,)n C(a,, E,,), (~(a [0, 0))) c 
P-‘(A). 
Proof (a) An intersection of two positively invariant sets is a 
positively invariant set. 
(b) Let us notice first that if A E T,(o,) and U has a global minimum 
at c,, then for any n(1, .): [0, o) + Z 
0 < U(n(A, t)) - U(a,) < U(n(A, t)) + T(R(~ t)) - U(o,) 
= V(d4 t)) - V(o,) < f’(A) - V(ao) < I P’(A) - r/(a,)l <b 
for t E [0, 0). Therefore {n(& [O, o))} t Z(oO, b)). Now, if 1 E r,(cr,) n 
C(a,, 6) then on the same basis as in Lemma 2 the conclusion is true. 1 
We say that an equilibrium state o E Z is stable if for any open set A c Z 
containing e,, there exists an open set B 3 cr,, and B c A such that 1 E B 
implies (~(2, [O, w))} c A. An equilibrium state o0 E Z is equilibrium stable 
if for any open set A c C, and cr,, E A there exists an open set B 3 e,, with 
P(B) _C A such that for any 1~ B (n(n, [0, o)} c P-‘(A). If we compare 
the above definitions with the previous results we can conclude: 
COROLLARY 3. (a) If the potential energy U has a global minimum at 
rs,,~,Z’, then e0 is stable with respect to the topology induced by the basis 
r,(oo)* 
(b) If the Liapunov function V is such that for any b> 0 T,(o,) is 
open and U has a local strict minimum at o,, then o,, is locally equilibrium 
stable. 
We end this section by considering a problem of asymptotic stability of a 
given dynamical system. A set of A c Z is asymptotically stable if for any 
open set Bc A there exists a set B, c B such that cr E B0 implies 
(~(1, [0, 0))) t B and there exists O,E B, such that n(J, t,) + CT,, in Z 
when t, -P o. The state function D: C -+ R+ is called a dissipation function 
consistent with the Liapunov function V [6] if for a given process ~(0, .): 
[O, o) --f Z the mapping D(n(e, e )): [0, ID) + R+ is integrable on any inter- 
val [O, t] c [0, w) and 
v(a) - V(~L(O, t)) 2 J1: D(n(a, 7)) dT. 
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The function D is called a maximum dissipation function if the inequality is 
replaced by an equality. 
COROLLARY 4. (a) If o E C and ~(o,,, .) is a rest process then D(o) = 0. 
(b) Zf D and V are continuous and (T E a(~(,?, . )) for some 1 E Z then 
D(o) = 0. 
Proof (a) If 7c(00, . ) is a rest process then 
0 = V(o) - V(n(a, t)) > 1; D(a, 7) dz 20 so D(o)=O. 
(b) Immediately from (a) and continuity of D. 1 
One can see easily that according to (L,) and (L2) p(a, 7) is a dis- 
sipation function consistent with a given Liapunov function V. 
LEMMA 3 [6, Theorem 7.21. Assume that for a given 2 EC the Liapunov 
function V is continuous on Q(n(1, .)). 
(a) VlnCnCl,.)) is bounded. 
(b) J’lnw.)) is constant provided D is maximum. 
Proof (a) The o-limit set is always non-empty and compact. 
(b) If a~Q(rr(A;)) then V(a)= V(J)--jr D(n(A,7))d7. 1 
Let G be an open set in Z and let D be a dissipation function consistent 
with the Liapunov function V. Let 
E,= {ad: D(o)=O} 
and MG be the largest positively invariant subset of E,. One can notice 
easily (see Proposition 1) that if for some state i a(~(& .))c G then 
Q(rz(n, .)) c M,, which quite often turns out to be invariant. Using the 
above definitions and adopting some theorems proved by LaSalle [S] we 
can state the following. 
THEOREM 1. Let V and D be continuous state functions. 
Assume that the potential energy U has a global minimum at an 
equilibrium state o0 and let the Liapunov function be such that for any small 
enough E >O r,(o) is open, then there exists E,,>O such that MrqCCo(,, is 
asymptotically stable while r,(a) is a region of attraction. 
Proof According to Lemma 1 rEO(o) is positively invariant. For any 
I E T,(o) a(n(A, .)) c r,(a) so !J(n(A, .)) c Ad,-Jo). For any 1 n(n[O, 0)) 
is precompact so 52(z(& .)) # @. This proves the theorem. 1 
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It is quite obvious that a minimum of the potential energy U at an 
equilibrium state o0 is a necessary condition for at least local asymptotic 
stability of this state [6, Corollary 7.21. However, the sufficiency of such a 
condition is far from obvious. According to (D2) the w-limit set may, for 
instance, contain closed orbits. For a linear thermoelastic body with a 
clamped boundary, for example, those are the isothermal oscillations 
representing pure shear stresses [9]. If the isolated equilibrium points and 
closed orbits are the only critical elements this could lead to a picture 
similar to that in R*, that is, for some E > 0 r,(a,) = M,,,, would consist of 
closed orbits with crO being a center. In our case such a conclusion cannot 
of course be reached. 
2. NON-AUTONOMOUS PROCESSES 
The theory of dynamical systems presented already can be applied to 
analyze thermodynamic stability of a material system with a uniform in 
space and constant in time environmental temperature. When we come to a 
case of the environmental temperature which depends on time, however, we 
need to consider a more general collection of processes rcS so as to be able 
to describe the influence of the change of the environmental temperature on 
the thermomechanical process. 
Consider the same state space Z. A non-autonomous process is a one- 
parameter function 7~‘: [0, w) + Z where s E R. By a non-autonomous system 
we mean a mapping 
li’:L’xRxR++C 
such that for any Q E C there exists a process rts so that Z7(o, t, s) = n’(t) 
and ~“(0) = r~ for any t E [O, w) and s E R. We assume that: 
(Pi) Z7(a,s, t+t,)=Z7(Z7(a,s, t,s+t, to) for any SER and t+t,,E 
[O, 0). This enables one to compare the initial value problems at different 
initial times. 
(PZ) There exists a subspace ,?‘. c.Z called the equilibrium state 
space and a family of continuous projections P”: Z + l?, such that 
(a) for every pair of sl, s2 E R and any a E Z 
PS1(P”*(a)) = PSI(a), 
(b) for any aeZ lim,, +m P”(a) exists. 
(P3) For any a E C and any process 27(a, s, * ) there exists an 
equilibrium state age PS(Z) and a process n(a,, s, .) such that 
Z7(a, s + t, *) = n(n(a,, s, t), s + t, .) = n(a,, s, t + .) for some t E [0, w). 
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(P4) There exists a dynamical system rc (as defined previously) called 
a limiting dynamical system of .Z such that 
(a) for any e E C/c and any t E [0, o) 
n(o, 3, t) -+ 4fl, t) inCass-+ +co, 
(b) for any OEC 
w?a), s ,t) + n(P(fl), t) in Zass+ +co. 
If we define P:C+f’, by P(o)=lim,, +m P”(o), which exists according to 
(P,)(b), then it is easy to show that P”: C -+ 2, as well as P: 2 -+ C, are 
idempotent. Moreover, for any ~7 EC and t E [0, o) lim,, +ao P”(x(a, t)) = 
lim, + +m P(Wa, 3, t)). 
A process n(a, s, . ) is called a rest process if there exists 3, E C such that 
ZZ(o, s, t) + 1 as s -+ + co uniformly for t E [0, 0). According to (PJ this is 
equivalent to the statement hat a process n(o, s, .) is a rest process if a 
limiting process rr(c, + ) is a rest process. One can show [3] that 
LEMMA 4. Let ZZ( P”(a), s, . ) be a rest process, i.e., there exists I E C such 
that ZZ(P”(a), s, t) + 1 as s + +CO, then A= P(a). 
A Liapunov functional for the system ll is a mapping 
with the properties (L,)-(L,) (given below) and defined for any rr E Z and 
SER by 
f+, s) = V(o, s) -Iom PT(P”+‘(a)) .S(n(o, ST) dz 
where S is a bounded positive definite state function and P, is a con- 
tinuous real-valued mapping of C, called the environmental temperature 
projection: 
PTUYO)) = k(s) for any s E R. 
P,(P(o)) = 0. 
(L,) For any fixed s E R I’( ., s): C + R is a Liapunov function of 
some dynamical system with the environmental temperature 8, = 0,(s). 
(L2) For a given process n(a, s, .): [0, o) -+ C p(Z7(a, s, t), s f t) < 
V((6, s). 
(L3) For any CJEZ r((a, s) + V(o) as s + +co where V is a 
Liapunov function of the limiting dynamical system. 
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It can be understood that 
@u, s) = E(a) - e,(s) S(o) - Iom d,(s + z) S(a, s, 7) dz. 
It is also worth mentioning that if the environmental temperature is non- 
decreasing, that is, d,(s) 2 0, V(a, S) becomes a Liapunov functional itself 
[S]. The problem of choosing a “better” Liapunov functional immediately 
appears. This, however, will not be discussed here as it is unimportant in 
our approach. 
The potential energy is a function U: 2, -+ R where 
U(p”(0)) = V(p”(o), s) foranyaECandanysER{co}. 
COROLLARY 5. If the function V: Z x R + R is continuous on Z then for 
each a~2I U(P”(o)) tends to U(P(o)) = V(P(a)) as s + +co. 
An immediate consequence of the properties of Liapunov functional v and 
the definition of the potential energy U is the following. 
COROLLARY 6. For any (r E 2 and any process ZZ( “(a), s, . ): 
(4 
U(P+‘(Z7(Ps(a), s, t))) + j-i P,(p”+‘(o)) S(II(P”(o), s, 5)) d? 6 U(P”(a)). 
(b) Zf in addition a function PT(P”“(a)) S(Il(P”(o), s, T)) is 
integrable on any internal [0, t) c [0, co) and 
s 
' Pr(P"+'(o)) S(IJ(P"(a), s, 7)) dz 2 0 
0 
then 
u(Ps+T(z7(Ps(o), s, t))) < U(P”(a)). 
On the basis of the theory just proposed we show now that for an 
equilibrium state o. to be stable U must have at least a local minimum at 
go. It has already been proved in [3] that: 
LEMMA 5. Let o. E P(C) and assume that there exists a neighborhood 
U(a,) ~2, such that each state in U(o,) is atrracted to a0 (i.e., given 
1, E U(o,) there exists a process Z7(A,, s, .) and a sequence { tn} c R+ + such 
that 17(1,, s, t,) + go as t, + +CCI). 
a, s, z)) d7 exists and is non-negative then 
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A mapping D:Cx R-+R+ is a maximal dissipation functional consistent 
with P if for a given process n(a, s, ‘) z + D(lT(o, s, z), s + t) is integrable 
on every interval [0, t] c [0, o) and 
f+s, a) --f - r((n(a, s, t), s+ t)= 1; D(ZT(cr, s, z), s+z) dt. 
Given an open and bounded set G c C consider a set E, = {(o, s) E C x R, 
D(a, s) = 0, CJ E G c Z}. Let MG be the union of all processes fl(a, s, t) such 
that (Z7(a, s, t), s + ) remains in Eo for all t. Then one can prove 
THEOREM 2. Let lT(a, s, . ): [IO, co) + C be precompact for any o E C and 
SER. 
If G is a subset of Z such that each process IT(o, s, .) remains in G for all 
t > 0 than for any o E G ZT(a, s, . ) approaches M, as t + + 00. 
Proof Similar to a proof of any stability theorem [7, 81 and mainly 
based on the fact that for any 0 E C and s E R a(o, s) is non-empty, com- 
pact and positively invariant with respect o the limiting dynamical system 
rc [2, Proposition]. 1 
As has been said, in the case of non-decreasing environmental tem- 
perature P(a, s) as well as V(a, s) become Liapunov functionals of our 
non-autonomous system. Maximal dissipation functionals consistent with 
them are different too. The choice of a “better” Liapunov functional does 
not appear to be the easy one. On the other hand the estimate of an 
asymptotically stable set provided by Theorem 2 seems to be rather rough. 
It is, however, easy to notice that a limiting Liapunov functional for r and 
V is the same. Therefore, if one could use a limiting Liapunov function to 
answer stability questions for the non-autonomous ystem it would be of a 
great advantage. In fact we have the following. 
THEOREM 3. Let V be a continuous limiting Liapunov function of the 
non-autonomous system IT. Assume that the potential energy U has a global 
minimum at an equilibrium state o,-,~ P(Z). Let r,(a,) and MrCCoa, be as in 
Theorem 1. 
If for any I E T,(o,) I7(& s, t) is precompact for any s E R then IZ(k, s, t) 
converges to Mt.6C,0,. 
Proof sZ(i, s) is positively invariant under limiting system rc. Let us 
take a~Q(2, s). rc((~, t) stays in Q(n, s) and therefore Q(o) cO(a, s) and 
Q(a) = MI-,(cTa). Mi-,(oo) is asymptotically stable, r,(a,) is positively 
invariant and bounded and n(n, s, t) -+ ~(1, t) as s -+ + co. Therefore for 
large times Z7(& s, t) gets close enough to M,-6C,uj to converge to it. I 
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